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Continuas system For a system comprising N particles

with positions monenta pi the canonicalprobability density

reads as P qi pi e β 94 3 when to

make the phase space measure
dimension free we use
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so that cockipi D SIT doggi oceg pig
et't aimit
z

Comment the resultof CO is the same if we casider
instead dm daidpi 2 5icdqidp.ie cos ficdaidp.io It



the normalization by h is however convenient since

it makes Z dimension free
it yields back the high expansionofquantia statmesh

Indistinguishability If the particles an indistinguishable

we connect the phase space measure into dP 1st
such that Z Ian daidpi e β't

Again the probability measure dg In itdaidp.ie
t
is

unaffected since it involves Z through h N Z

Comment the factor play a role in classical statmuch

only when the mantas of
degreesoffreedom
numberofparticles

can change see

e.g exercise 4 psets a to compute the chemical potential

The equipartition theorem

Consider a Hamiltonian H X Xn when Xi Xn 91 19m

Anti Year Pi Pa We request that it diverges at



least polymanially as ni too so that Z too

Then x hit dig

Proof
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Each quadratic degrees of freedom contributes left to the

average energy

Outline We now consider the idealgas
two level systemsfor

which we capute F Z Then we capan statistics in micro

canonical canonical ensembles



3 2 2 Ideal gas two level systems

Ideal gas N in distinguishable particles with H E Pm
Partitionfunction

mn z SkdaidpiéβÉtn vl 1
Z 1 1 where a Ement

is called the thermal de Broglie wavelength As we will

show in quantum statistical mechanics it is the length below

which quantum effectsmatter

Helmoltz free energy F hit luZ Nhat h

Two level system N particles on a lattice with E 0 E

Partition function Z net E.am t.ie
it EEP I e

Pea
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Helmoltz free energy F Nhat In 1 e PE

Comment The computations of F Z are much easier than thatof

SLE S E in the micro canonical ensemble

3 2 3 Fluctuations of energy and ensemble equivalence

Contrary to the microcanonicalensemble E 9 is now a

fluctuating quantity that can be used to define a manostate

let us characterize the statistics of E

Finite system
Monent generating function

E FEEPE dp.EE 0pluz
Similarly dp Z Ela e BE Z CEN

CE'S 11 ftp.Z



Zis almost the momentgenerating fuctionof E
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Cumulantgenerating function
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Fis almost the cumulant generating function of the energy

As you will see equilibrium statisticalmechanicshas almost a

beautifulmathematicalstructure with lots of annoying factors

signs inheritedfrom thermodynamics



Large systems

we can directly use the result for PIE derived in the

micro canonical ensembleto characterize PLE

PIE α Exp
IE EM

hot

Since Nta N Cth Cr and

PCE a e ftp.t Eu with E suit that flex f
Q Do we really need to go bail to microcanonicalensemble

Canonicalensuble P 4 BE P E 1 e BE éβ
E is
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N no saddle paint Z e β E TSCE'D

where E angry E TS El 1 8 ex Flex
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We can again expand E arond its maximum E to get
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Ensemble equivalence

Since P E is Gaussian E E

Sima Lin Tg e it sex x

As N 50 PIE converges in distribution to die et whith

is the micro canonical distribution at an energy E suchthat

1 FEE
Micro sit E and T is such that 7 I
Cano sett and E CE is such that It
For any observable Olet that increases atmostpolymenially in E
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For macroscopic systems the measurement in commical

micro canonical ensemble of O E an undistinguishable

provided 1 É One says that under such conditions

one has ensemble equivalence

Ensemble inequivalence

Can we find T such thatPeafeld E E for any valueofE

Yes if SSE is concave offico t f c so

TIE is then a one to are mapping

Smn

f

As it varies we can vary t

continuously suits that fit
ET EE E

Not for all values of E if S E is not convex

Sm systems e g with long range interactions have

non concave entropies Then for ONEvalueof T there mightbe

several E such that I E let


